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This paper is about certain variational inequalities that can be deduced 
from the Hahn-Banach theorem. None of our results depend on Brouwer’s 
fixed-point theorem. 
In Lemmas 1 and 2 we consider certain real functions f defined on X X X. 
where X is an arbitrary nonempty set. In Lemma 3 we suppose that X is a 
compact topological space and give conditions that ensure that 
there exists y E X such that, for all x E X,f(x, y) < 0. 
These results represent generalizations of 19, Theorem 3 I. 
The main result in the second part of the paper (Theorem 8) is as follows: 
Suppose that Y is a nonempty convex subset of a real, Hausdorff linear 
topological space and, for all x E Y, Ax is a real convex I.s.c. function on Y 
such that 
for all x, 4’ E X, Ax(y) + Ay(x) < Ax(x) + Ay( y), 
if x --( y along a line segment then Ax + A-v pointwise on Y, 
and K is a compact, convex subset of Y such that 
for all x E Y there exists w E K such that Ax(w) <Ax(x). 
Then there exists y E K such that 
for all x E Y, Ay(y) < A-v(x). 
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This result and two consequences of it (Corollaries 9 and IO) contain results 
proved by Browder [ 1, 21, Edwards [3], Hartman and Stampacchia [4], Lax 
and Milgram [6], Lescarret [ 71, Lions and Stampacchia [8], Simons [ 9, 
Theorems 8 and 111 and Stampacchia [ 1 I]. 
What seems to us interesting about Theorem 8 is that it places in a simpler 
but more general setting (a convex, compact subset of a convex subset of a 
(not necessarily locally convex) Hausdorff linear topological space) results 
that were previously established in a much more restrictive Banach- or 
Hilbert-space situation. What surprised us about Theorem 8 is that it is 
possible to prove a result of this kind about two convex sets (K and Y) using 
only a finite-dimensional Hahn-Banach theorem and not using the 
triangulation of a simplex either through Sperner’s lemma or through a lixed- 
point theorem. 
Our proof of Theorem 8 (through Theorems 4 and 7) is somewhat 
convoluted. We have tried, without success, to find a simpler proof using the 
minimax theorem for a pair of functions of [ 10, Theorem 51. We note that 
this latter result can be used to give a direct proof that (17) =+ (16). 
A final word on notation. If X # 0 we write 
X(X)= {X,:O#X,cX,Xoisfinite]. 
1. ON FUNCTIONS ON AN ARBITRARY SET 
LEMMA 1. Let X#QJ andf:XxX~--+R. Then (l)*(2)* (3)- (4). 
For all x, y E X, f(x, Y) + f(y, x) < 0. (1) 
For all n > 1 and x, ,..., x, E X, + f(Xi, x,i) < 0. - (2) 
i,j= 1 
For all n > 1 and x, ,..., x, E X, there exists j E {l,..., n) such 
that f(X, 3 Xj) + ’ ‘. + f(x, ) Xj) ,< 0. 
For all n > 1 and x, ,..., x, E X, there exist ,I, ,..., A, > 0 such 
that A, + ..+ +A,= 1 and, for all i = l,..., n, 
nlf(xi, X*) + “* + knf(xi 3 xn) < O* 
(3) 
(4) 
Proof: It is immediate that (1) + (2) =j (3). 
(3) * (4). Let P, ,..., pn be positive integers of which at least one is strictly 
positive. By applying (3) to the elements xi counted with multiplicities pi 
(1 < i < n), there exists j E {l,..., n) such that 
P,f(xI 9 xj> + “* + P”f(x,,xj) < O, 
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that is to say, 
min 
1<.i<n 
(P, g, + ... + pn g,)(j) G 0. 
where, for each i E { l,..., n }, g; is the element of R ’ defined by 
SiW = fCxiy xj) (j E ( l,.... n I). 
Now the set C of elements of R” of the form p, g, + ... + p, g, satisfies 
C + C c C. Thus, by the cone version of the Hahn-Banach theorem (see 15. 
“Consequence”\), there exist A, ,..., A,, > 0 such that A, + ... + An = 1 and 
for allgEC, A,g(l)+...+A,g(n)<O. 
In particular. 
for all i = l,..., n, A, gi(l) + ... + A,,gi(n) ,< 0. 
This gives the required result. 
LEMMA 2. Let X # 0, f :X x X w  R, f satisfy any of the conditions 
(l)-(4) of Lemma 1 and 
for all X,&F(X) and y,, y, E X there exists y, E X such that. 
for all xEX,,f(x, Y,) <i[f(x, Y,) +f(x.C'Al. 
(5) 
(It suffices for condition (5) that f  be “convexlike” in its second. variable.) 
Then, 
for all X, E F(X) and E > 0, there exists y E X such that, 
for all x E X,, f(x, y)< E. 
Proof. Let {x, ,..., x,} be an enumeration of X,. From (4) there exist 
dyadic 6, ,..., 6, >, 0 such that 
6, + ..’ + 6, = 1 and, for all i = l,..., n, 
S,f(x,,x,)+ ... + S,f(xilX,)< E. 
From (5) and a simple induction, there exists y E X such that 
for all x E X,, f(x, Y)< d,f(Xi,X,) + ... + ~,f(x;,x,). 
The result follows. 
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LEMMA 3. Suppose that X is a compact topological space, f satisfies the 
conditions of Lemma 2 and 
f is I.s.c. in its second variable. (6) 
Then 
min sup f(x, y) < 0. 
yex xex 
Proof Immediate from Lemma 2. 
2. FUNCTIONS ON A CONVEX SET 
Notation. If 1 E [0, l] write Lc = 1 -A. If X is a convex subset of a real 
linear spaceandg:XxX-+R detineg,:XxX-+Rby 
g,(x, y) = lim sup !s’Y + k Y> 
A-+0+ 1 * 
THEOREM 4. Let X be a compact, convex subset of a real Hausdorff 
LTS. Let h :X I-+ R ’ be convex and 1.s.c. Let g :X x X tr R be convex and 
1.s.c. in its second variable and such that 
for all x, Y E X, g(x, Y) + g(y, x> < 0. 
for all y E X there exists w E X such that 
h(w) = 0 and gl(w, y) > 0, (7) 
then 
there exists y E X such that h(y) = 0 and, for all z E X, 
g,(z* Y) G 0. 
(8) 
Proof Define f: X x X t, R by f (x, y) = g(x, y) + h(y)’ - h(x)*. From 
Lemma 3, there exists y E X such that 
for all x E X, g(x, y) + h(y)2 < h(x)2. (9) 
Choose w  E X as in (7). Then, for all A E (0, I], 
&Icy + Aw, y) + h(y)’ < h(A’y + Aw)’ < (ACh(y) + Ah(w))* 
since h(w) = 0 = (WY>)*, 
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from which 
Hence 
g(A’y + Aw, y) + (2A -A’) h(y)2 < 0. 
and so, letting A --t O+, 
g,(w Y) + 2Kd* < 0. 
Thus, from (7), h(y)=O. 
Now let z E X. Then, from (9), for all A E (0, 1 1, 
g(ACy + AZ, y) 6 h(l’y + kz)2 
since h(y) = 0 < tmz(z)*. 
Hence 
and so, letting A + O+, 
g,(z, v> G 0. 
Thus we have established (8), completing the proof of the Theorem. 
Suppose now that Y is a nonempty convex (not necessarily closed) subset 
of a real Hausdorff linear topological space and 
for all x E Y, Ax is a real convex 1.s.c. function on Y (10) 
such that 
if x + JJ along a line segment then Ax + AJ’ pointwise on Y. (11) 
Define g : Y x Y tt R by g(x, y) = Ax(y) - Ax(x). For the next lemma the 
topology of Y is not used. 
LEMMA 5. For all y, z E Y, g(y, z) + g,(z, y) > 0. 
Proof: Let I, E (0, 1 J and write x = A‘jj + AZ. Then, from (10). 
Ax(x) < d’Ax(y) + A.Ax(z). 
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L(Ax(z) -Ax(y)) + Ax(y) - Ax(x) > 0; 
hence 
Ax(z) -Ax(y) + 
MY) -Ax(x) > o 
1 ” 
i.e., 
Ax(z) - ‘4-q y) + 7, 
g(x, Y> > o 
. 
Letting A-+ O+, from (1 I), 
AY(Z) - AY(Y) + g,(z, Y) > 02 
which is the required result. 
Suppose now that A satisfies (lo), (11) and 
for all x, y E Y, Ax(y) + Ay(x) <Ax(x) + Ay(y). (12) 
LEMMA 6. Let K be a compact, convex subset of Y such that 
for all x E Y there exists w E K such that Ax(w) <Ax(x). (13) 
Then, for all X0 E jr(Y) there exists y E K such that, for all x E X,, 
Ay( y) < Ay(x); hence, from (12), for all x E X0, Ax(y) < Ax(x). 
Proof Define X = conv(K U X,) and h :X H R ’ by 
h(x)=inf(A:O<A< 1,xE (1 -k)K +1X). 
Then h is convex and 1.s.c. on X and h(x) = 0 ox E K. From (13), for all 
x E Y, there exists w E K such that g(x, w) < 0; hence, from Lemma 5, for 
all x E Y, there exists w E K such that g,(w, x) > 0. From Theorem 4, there 
exists y E X such that y E K and, for all z E X, g,(z, y) < 0; hence, from 
Lemma 5 again, y E K and, for all z E X, g( y, z) > 0. The result follows 
since X0 c X. 
THEOREM 7. Let k E Y. Then 
for all x E Y, Ax(k) <Ax(x), 
0 
for all x E Y, Ak(k) < Ak(x). 
(14) 
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ProoJ (s=) is immediate from (12). Suppose, conversely, that (14) is 
true. Then (13) is true with K = (k). From Lemma 6, for all x E Y, there 
exists ~1 E (k} such that Ay(y) <A&X). The result follows. 
THEOREM 8. Let K be a compact, convex subset of Y. Then ( 13 ). (15 ). 
(16) and (17) are equivalent. 
There exists w E K such that, for all x E Y. AU’(W) < Aw(x). (15) 
There exists w E K such that, for all x E Y, Ax(w) <Ax(x). (16) 
For all x E Y, there exists w E K such that AN(W) <AM’(X). (17) 
For all x E Y. there exists w E K such that Ax(w) < Ax(.u). (13) 
Proof. It is clear from Theorem 7 that (15) t> (16). It is trivial that 
(15)* (17) and, from (12), (17)=> (13). If, finally, (13) is true then, from 
Lemma 6, for all X, E .7(Y) there exists y E K such that for all x E A’,,: 
Ax(y) < Ax(x); ( 16) now follows from compactness and semicontinuity. 
COROLLARY 9. Suppose there exist z E Y and a compact, convex subset 
K of Y such that 
Then 
4’EY and AY(Y) < AY(z) 3 4’ E K. (18) 
is a nonempty compact, convex subset of K. 
Proof: If x E K then there exists w E K (namely, PV =x) such that 
Ax(w) < Ax(x). If x E r\K then, from (18), Ax(z) < Ax(x) hence, again, 
there exists w E K (namely, w = z) such that Ax(w) Q Ax(x). We have 
proved that (13) is satisfied. 
Consequently, from Theorem 8 ((13) 3 (15)) 
xfy ~Y:YE Y,AY(Y)<AY(x)I 
meets K. In fact, from (18), it is a nonempty subset of K. Finally, from 
Theorem 7, it can also be written 
and so it is closed and convex. 
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The result follows. 
COROLLARY 10. Let h : Y I-+ R U {co } be convex and kc. and suppose 
that there exists z E Y such that h(z) < CO and 
IY:YE Y,Ay(y)+h(y)~Ay(z)+h(z)} 
is contained in a compact, convex set K on which h is finite. Then 
xiy IY:YE Y,Ay(y)+h(y)~Ay(x)+h(x)J 
is a nonempty compact, convex subset of Y. 
Proof: Immediate from Corollary 9, only replacing Y by Y{h < 00 ). 
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